The knowledge of the potential between interacting colloidal particles is essential to describe and control the aggregation processes in which they are involved. However, interaction forces also bring out spatial ordering phenomena, which has been used to obtain helpful information on them in three-dimensional dispersions. In this paper we look into this possibility for colloidal monolayers spread at the water-air interface. The radial distribution function has been determined for an assembly of negatively charged polystyrene particles at low concentration and without an additional electrolyte. A simple inversion scheme based on the HNC closure has been proved to give reliable information on u(r), providing that particles are not strongly correlated. Apart from the expected repulsive forces, the application of the inversion procedure suggests the possibility of a long-ranged attractive interaction.
I. INTRODUCTION
Knowing how colloidal particles interact is one of the key issues that determines our ability to understand and control processes ͑of scientific, technological, and industrial interest͒ in which they are involved. More specifically, the pair interaction potential, u(r), plays an essential role in describing the kinetics of aggregation processes, which in certain cases can take place at the liquid-air interface. Remarkable examples are the manufacture of emulsion polymers in stirred-tank reactors and separation processes such as froth extraction. But the interaction forces are also responsible for structural ordering in colloidal dispersions, which can be easily observed for concentrated and/or interacting systems.
Concerning three-dimensional dispersions of charged particles, it has been known that, at very low ionic strength, they exhibit spatial ordering over distances considerably greater than the particle diameter as a result of long-ranged electrostatic forces. The liquidlike structures formed under such conditions have been revealed by different techniques ͑e.g., light scattering, turbidimetry͒ and are used to extract information about the interaction potential. It is possible to fit experimental data if a functional form for u(r) is assumed to be valid, which is called a forward method. The interested reader can review this matter in Ref.
1. An alternative way is to devise a procedure to obtain valuable information from structural data without making any assumption about the form of u(r), which is termed the inverse problem. As will be shown in the next section, a considerable theoretical effort has been devoted to find such a procedure in liquid-state physics and colloid science. The application to real threedimensional systems in the latter case is, however, scarce due to certain limitations in scattering experiments. Inversion methods require quite accurate structure factors, particularly at low values of the scattering vector modulus, but they are not easily available.
Regarding two-dimensional systems, there exist several studies that deal with the spatial structure of colloidal monolayers trapped at diverse interfaces. [2] [3] [4] [5] [6] [7] [8] To the best of our knowledge, however, the inverse problem has not been addressed yet. This work will show that two-dimensional liquidlike structures are also observed in these systems at low particle concentration and ionic strength. From an experimental viewpoint, the direct determination of the radial distribution function, g(r), is feasible. These facts will be used to probe interaction forces. As the functional form of u(r) for extremely low salt concentrations is still unknown, the forward method is not applicable. Thus we will look into what extent a simple inversion scheme provides reliable information on the interaction potential. Sophisticated inversion methods for the two-dimensional case go beyond the scope of the present study. The remainder of the paper is organized as follows. First, the main features of several inversion procedures are outlined. Then the experimental technique for determining g(r) is described and some details about the latex particles used in this work are given. Finally, the application of inversion methods to this kind of twodimensional system is discussed and a particular case is analyzed.
II. THEORY
As is well known, the structure and properties of colloidal dispersions ͑especially at high particle concentrations and/or strongly interacting systems͒ can be predicted with the help of current advances in liquid-state physics treating a͒ Author to whom correspondence should be addressed. Electronic mail: fmartine@ugr.es colloids as macroscopic analogs of molecular ͑monoatomic͒ fluids. Given an effective interaction potential ͑in the framework of the so-called one-component models͒, the correlation function h(r)ϵg(r)Ϫ1 and the direct correlation function, c(r), can be calculated solving the set formed by the Ornstein-Zernike equation, 9 h͑r ͒ϭc͑ r ͒ϩ ͵ h͑rЈ͒c͉͑r ជ Ϫr ជ Ј͉͒d
and a closure relationship linking h(r), c(r), and u(r) ͑ is the particle concentration͒. The latter can be formally expressed by
␤u͑r͒ϭh͑r͒Ϫc͑r͒Ϫln͓h͑r͒ϩ1͔ϩB͑r͒, ͑2͒
where ␤ϭ1/k B T ͑T is the absolute temperature͒ and B(r) is known as the bridge function. Since B(r) is analytically intractable, several approximations for Eq. ͑2͒ have been proposed. For instance, the hypernetted-chain ͑HNC͒ closure is equivalent to B(r)ϭ0. This formalism has been applied in the forward approach, but it leads naturally to a solution of the inverse problem as well. If g(r) is measured from experiments, c(r) can be calculated from Eq. ͑1͒ and, subsequently, u(r) is easily extracted from Eq. ͑2͒. This singlestep procedure was applied within the HNC approximation for three-dimensional colloidal dispersions. 10, 11 A longranged potential with a minimum at a large distance was reported. But this result, which contrasts strongly with the Derjaguin-Landau-Verwey-Overbeek ͑DLVO͒ theory, must be carefully analyzed. On the one hand, the radial distribution function was not straightforwardly determined from experiments, but from a Fourier transform of the structure factor, S(q). As pointed out above, reliable data at low q are not accessible by means of light scattering. On the other hand, it can be easily shown ͑for example, through simulations͒ that the HNC closure leads to interaction potentials that sometimes do not bear resemblance to the original ones. This drawback could be overcome using a reasonable approximation for the actually unknown B(r). For instance, Lado have proposed the use of the bridge function of a hardsphere ͑HS͒ fluid with a diameter d, B HS (r;d), which is chosen by means of the following criterion:
where g HS (r;d) is the radial distribution function corresponding to the mentioned HS fluid. It should be stressed that this method can be improved with an iterative scheme, as Reatto et al. illustrated. 13 These authors proposed to use B HS (r;d) in Eq. ͑2͒ in order to obtain an initial guess of the actual interaction potential, uЈ(r). Then, the corresponding correlation functions hЈ(r) and cЈ(r) are determined through simulations and an improved guess of the bridge function is achieved using the approximation [15] [16] [17] Although this method has been successfully tested by means of simulations in three-dimensional systems, its efficacy in real colloids would be rather limited due to experimental inaccuracies, as its authors pointed out.
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III. MATERIALS AND METHODS
The colloidal particles used in our experiments were polystyrene latex beads, which were prepared from styrene by free-emulsifier emulsion polymerization with potassium peroxidisulfate as initiator and KHCO 3 a buffer. The polymerization was carried out in a reactor fitted with a reflux condenser, stainless steel stirrer, and nitrogen inlet tube. The size distribution was determined by transmission electron microscopy. The average particle diameter was ͑600Ϯ25͒ nm. As the size distribution was quite narrow, the sample polydispersity turns out to be negligible. The latex dispersion was cleaned first by serum replacement and second using a mixed-bed ion exchange resin. Finally, a surface charge density of ͑Ϫ53Ϯ6͒ mC/m 2 was determined by conductiometric titration.
Concerning the two-dimensional structure formation, distilled water without an additional electrolyte was introduced into a Teflon cell. Then, latex particles were deposited at the air-water interface using a microsyringe. In our experiments, the conductivity was found to be 0.6 S/cm 2 ͑on average͒. This interface has to be as planar as possible in order to prevent the particle emigration as a consequence of gravity. The immersion of latex beads into water was avoided by dispersing the particles using methanol as a spreading agent, according to procedures described elsewhere. 3, 4 For this purpose, colloidal suspensions were prepared in a methanol solution and were sonicated for five minutes to assure a very monodisperse sample. It should be noted that the use of methanol in the particle deposition is essential to obtain a uniform monolayer. After methanol evaporation, the cell is covered by a thin glass plate to prevent the contamination of the colloidal monolayer and convective fluxes produced by the air motion. Furthermore, possible vibrations were avoided by placing the system formed by the cell, microscope, and camera on an antivibratory table.
Images of the interface were recorded by a digital camera ͑with 1280ϫ1024 pixels͒ incorporated to a phase contrast microscope. The magnification of the objective was fixed so that the pixel diameter was close to the particle size. The images were first acquired by a frame grabber and then transformed to binary images and analyzed to determine the radial distribution function, g(r).
Several experiments of spreading were carried out and some images were recorded for each one. If the surface par-ticle concentration was low enough, an almost homogeneous monolayer was obtained. Figure 1 shows a representative image of the latex particles trapped at the water surface in this case, corresponding to ϭ2.98ϫ10 10 particles/m 2 . After deposition, the system remained stable and no changes are observed in the particle distribution. With increasing , however, the particle distribution was not so uniform any more ͑clusters were observed͒.
The radial distribution function was determined from images using the relation g͑r ͒ϭ⌬N/͑ ⌬S r ͒. ͑5͒
In this equation, ⌬N is the number of particles whose distance from a given one is in the range ͓rϪ⌬r/2,rϩ⌬r/2͔ and ⌬S r ϭ2r ⌬r is the area of the circular shell of radius r and thickness ⌬r around the tagged particle. The result is averaged over all the particles in the system. Usually, in computer simulations the radial distribution function has been calculated, assuming periodic boundary conditions. This method allows us to obtain the distribution function for rϽL/2, where L is the width of the simulation box. Nevertheless, in real experiments we have a finite box and, consequently, these conditions bring out meaningless particle correlations near the edges. A first solution for this problem is to consider only the shells that do not cut the boundary. However, this procedure leads to a poor statistic for large distances since only tagged particles at the center of the box contribute at such distances. Hence, we use an alternative method, in which we consider ⌬S r as the surface of the r-shell inside the box. In other words, if S out is the outer area, this quantity is given by
This procedure makes the calculation of contributions to g(r) for large distances much more accurate.
IV. RESULTS AND DISCUSSION
At this point, we intend to obtain information about the interaction potential from structural data applying a formalism based on a two-dimensional OZ equation,
͑in which is now the number of particles per unit of surface͒ and a closure relationship. Concerning the interaction potential, a theoretical model for colloidal particles trapped at the air-liquid interface has been proposed very recently.
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Although it is supposed to work properly at moderate and high salt concentrations, its validity is not assured at very low ionic strength. An inversion scheme ͑in which no assumption on the interaction potential is required͒ is therefore advisable ͑instead of the forward method͒. On paper, sophisticated methods ͑such as the previously quoted ones͒ might be tried. In practice, the analogous twodimensional procedures present certain difficulties that must be analyzed. The inversion schemes devised by Lado, Reatto, and Rajagopalan are developed on the knowledge of the bridge function for hard spheres. Being more precise, B HS (r;d) can be computed using the following equation:
where c HS (r;d), h HS (r;d), and y HS (r;d) are the direct correlation, total correlation, and cavity functions ͑respectively͒ for hard spheres of diameter d. Parametrical expressions of them, found in literature, are used in computations for threedimensional systems. [15] [16] [17] In analyzing the spatial structure in the two-dimensional case, the analogous functions for hard disks are required, but they are not so easily available. In fact, we have found expressions only for the direct correlation function. 19, 20 Consequently, the reliability of quite simple inversion methods will be looked into and, particularly, the scheme based on the HNC closure.
This matter was addressed with the help of Monte Carlo ͑MC͒ simulations. First, we took a test system consisting of a dilute colloidal dispersion whose particles interact with a purely repulsive potential, plotted in Fig. 2 ͑dotted line͒. The analytic form of this test potential is 200 exp(Ϫ0.65r/d). Such a simple expression was chosen because, at this point, we are not really interested in the precise functional form, and this one reproduces certain relevant features. For instance, the range of the corresponding interaction forces is considerably greater than the particle diameter ͑as expected in assemblies that are well structured in spite of being dilute͒. However, this decay is rapid enough to avoid some inconveniences that other long-range potentials ͑such as the Coulomb potential͒ present in MC simulations ͑e.g., Ewald sums͒. The reduced density d 2 was chosen to be 0.015, quite close to the value corresponding to the real system probed in this work ͑0.0107͒. MC simulations were run using 1225 particles ͑in this way we made sure that the results were not influenced by the finite size of the system͒. Here 50 000 configurations per particle were generated to equilibrate and 20 000 in the statistical analysis. The resulting radial distribution function ͑Fig. 3͒ is now used to test the inverse method within the HNC approximation. The direct correlation is extracted from Eq. ͑7͒, rewriting the OZ relationship in terms of the two-dimensional Fourier transforms of the direct and total correlation functions, c (q) and h (q),
Then, the interaction potential is calculated from Eq. ͑2͒, assuming B(r)ϭ0 ͑HNC͒. In the calculation of Fourier transforms and inverses for this case, h(r) and c(r) were truncated at 75d, whereas the cutoff for c (q) and h (q) was 10d Ϫ1 . The integration spacings in the real and Fourier space were 0.05d and 0.005d Ϫ1 , respectively. The result is also shown in Fig. 2 ͑solid line͒. It is remarkable that the obtained potential matches the original one within great accuracy. Although negative values for u(r) are found, one concludes undoubtedly that the pair potential is essentially repulsive since their magnitude is significantly smaller than k B T. It should be, however, emphasized that such outstanding agreement is not always found. For instance, if the potential range is increased ͑and, consequently, the extent of spatial ordering grows͒ significant discrepancies can come out between the original and the inverted potential. These differences could be attributed ͑in part͒ to the failure of the HNC closure for systems of highly interacting particles, but certain inaccuracies in the radial distribution function g(r) have an influence as well. In particular, the result is sensitive to its behavior for large r. This can be easily shown trying different cutoff distances, from which h(r) is truncated. In doing so, certain variations in the obtained potential are observed. Consequently, the number of particles used in these test simulations must be considerable, especially if correlations are moderate. This allows us to sample up to larger cutoff distances improving, additionally, the statistics quality. For instance, if this test is carried out using 400 particles only, the differences between the interaction potential obtained by inversion and the original one are a bit larger. In order to probe the consequences of the long-range behavior, the interaction potential was recalculated following the suggestion given by Reatto et al. 12 Accordingly, a new cutoff distance (r c ) was taken, r c ϭ37.0d, from which h(r) is considerably small. Moreover, u(r) is practically zero for r Ͼr c . Then, it can be shown that the direct correlation function must also be zero for rϾr c . 12 The interaction potential obtained under these conditions is also plotted in Fig. 2 ͑dashed-dotted line͒ to be compared with the original and the previous ones ͑dashed and solid lines, respectively͒. As can be seen, the deviations of both inverted potentials from the original one are small and of the same order.
Then we examined the HNC closure for a potential that was not purely repulsive, 200 exp(Ϫ0.65r/d)ϩ10 exp (Ϫ0.15r/d)cos(0.3r/d). The second term ͑damped oscillations͒ was added to produce a minimum of certain depth far from the particle, which can be seen in Fig. 4 . Figure 3 shows the obtained radial distribution function. As can be observed, the height and the position of the main peak are almost identical to those corresponding to the previous case. Some differences are found only in the tail of this function. The method for solving the OZ equation described in the preceding paragraph was again applied. In this case, h(r) and c(r) were truncated at 75d ͑the rest of the integration parameters were not changed͒. The potential obtained from this radial distribution function applying the simple inversion scheme is also plotted in Fig. 4 . The qualitative agreement Fig. 2 and Fig. 4 . with the original potential is acceptable. In other words, its main features are recovered. However, numerical discrepancies are now greater, especially in the repulsive core. In spite of the difficulties encountered with iterative schemes, we attempted to improve these results trying a modified version of the method proposed by Reatto et al., which in our case is not used to avoid the computation of the bridge function for hard disks ͑HD͒, as noted earlier. However, this function is required only in the first step of the iterative procedure. Afterward, the HD bridge functions would not be necessary any longer since B(r) is estimated from simulations and Eq. ͑4͒. So we wondered whether the potential obtained within the HNC closure provided a suitable initial guess for the bridge function ͑instead of the one corresponding to HD͒. Equation ͑4͒ was applied to our HNC result and hЈ(r), cЈ(r), and yЈ(r) were determined from simulations. The result hardly improved ͑at least in one iteration͒, which suggests that the potential obtained from the HNC does not supply an adequate initial guess for this method. This is somewhat logical. B(r) is assumed to be 0 within the HNC approximation, so it is expected to remain negligible for a large number of iterations.
At any rate, the preliminary study shows that the HNC is able to give valuable information about the interaction forces as long as the analyzed systems are not highly correlated, which is clearly revealed by the measured radial distribution function. In view of this, a dilute two-dimensional assembly was investigated ͑d 2 ϭ0.0107, which is equivalent to 2.98 ϫ10 10 particles/m 2 for this size͒. The radial distribution function was determined by means of the procedure described in the preceding section and is plotted in Fig. 5 . As can be seen, this function resembles a lot the one corresponding to molecular monoatomic liquids although the main peak is located at a larger distance ͑in comparison with the particle diameter͒. It should be also noted that the height of the peaks shown in Figs. 3 and 5 are quite similar, which means that particles are moderately correlated. The HNC closure is therefore expected to provide reliable information. The interaction potential obtained within this approximation is plotted in Fig. 6 . Its most relevant feature is a long-ranged repulsive core for rϽ7d. In order to test this result, a MC simulation using this potential was run. As h(r)ϭϪ1 for rϽ1.5d, Eq. ͑2͒ cannot be applied and u(r) was estimated by extrapolation ͑the dashed line in Fig. 6͒ . The obtained radial distribution function is plotted in Fig. 5 to be compared with the experimental data. As can be easily observed, the agreement between them is outstanding, which supports our confidence on the interaction potential calculated within the HNC approximation. However, certain information obtained by this inverse scheme must be analyzed carefully. The repulsive core exhibits a sudden change in slope at rϭ5d. Nevertheless, this striking change is likely to be unreal and could be attributed to the uncertainty in the extremely small g(r)-values for rϽ5d. Figure 5 suggests that the distance separating a pair of particles is rarely smaller than 5d. Consequently, u(r) cannot be determined with great accuracy for such distances. In fact, this can be confirmed as follows. A new extrapolation for u(r) in this range was proposed ͑see the dotted line in Fig. 6͒ , ignoring the questionable result for the inner core. The g(r) obtained from this simulation is almost identical to the one reported in the previous case. This is illustrated in the inner plot of Fig. 5 , where the insignificant difference between these simulations is shown. Therefore, both match the experimental data within the same accuracy. Whichever the case, several interactions could justify the repulsive core. Obviously, at very low ionic strengths the electrostatic forces between the immersed parts of particles become long-ranged. This is the reason argued in threedimensional dispersions. However, the two-dimensional case presents additional features. For instance, the model put forward by Martínez-López et al. includes a dipolar term. 18 The range of this term, which presumably accounts for the great stability found for colloidal particles at the liquid-air interface, could be considerable if the number of dipoles is large. This interaction would therefore be responsible ͑at least in part͒ for the strong repulsion observed in this work. However, this model was developed to study the stability at mod- erate and high salt concentrations ͑as mentioned above͒, so a quantitative discussion is not feasible. The possibility of purely Coulombic electrostatic forces ͑due to some surface groups of the emergent parts͒ might also be considered. In fact, studies on the compression of monolayers suggest that this kind of long-ranged repulsion is responsible for the highly ordered structures observed at the octane-water interface. 8, 21 Now, we will pay attention to the potential well observed ͑in Fig. 6͒ at large distances. Its depth is rather small ͑about the thermal energy, k B T͒. Hence, it is worthwhile finding out if this minimum plays an important role in the structure formation. In order to do that, another MC simulation was carried out. In this case, the well was ignored, assuming u(r) ϭ0 for rϾ7d. The resulting g(r), also plotted in Fig. 5 , is quite different from the experimental one, which reveals that ͑i͒ the radial distribution function is sensitive to the form of g(r) at the mean interparticle distance; ͑ii͒ a long-ranged attraction compensating the repulsive interaction could be required. This kind of attractive interaction would also justify the formation of clusters with interparticle distances greater than the particle diameter. 6 However, its origin remains unclear. At a distance above 1 m, the van der Waals energy is much smaller than k B T, thus dispersion forces do not induce such an attraction. Very recently, Stamou et al. have proposed a mechanism for long-ranged attractive interactions that is based on a irregularly shaped meniscus. 22 Some estimates made by these authors suggest, however, that the minimum would be located at a distance of about twice the particle diameter ͑2 m, in round numbers͒, whereas the potential well that we have found is further. At this point, one should also keep in mind certain experiments carried out with spheres confined between two parallel plates. If the distance separating the plates is short enough, this kind of system may be considered almost as a two-dimensional case, since the particle motion is considerably restricted in one of the spatial directions. A long-ranged attraction that cannot be explained by the DLVO theory has been reported under such conditions. 23 The minimum of the interaction potential found in colloidal monolayers might therefore be caused by confinement.
V. CONCLUSION
Two-dimensional structures of charged colloidal particles can be formed at the liquid-air interface. In this work, the radial distribution function characterizing such spatial ordering has been determined for an assembly of latex beads at low particle concentration without an additional electrolyte. A simple inversion scheme based on the HNC approximation can be applied to obtain helpful information on u(r) as long as particles are not highly correlated. At short distances, however, the extremely small g(r) values prevent from extracting the precise functional form of the interaction potential, which shows a repulsive core whose range is quite large. Different interactions can justify this fact. The possibility of long-ranged attraction is also suggested.
